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Abstract. This paper uses tools in group theory and symbolic computing to 
give a classification of the representations of finite groups with order lower than 
9 that can be derived from the study of local reversible-equivariant vector fields 
in M*. The results are obtained by solving algebraically matricial equations. 
In particular, we exhibit the involutions used in a local study of reversible- 
equivariant vector fields. Based on such approach we present, for each element 
in this class, a simplified Belitiskii normal form. 



1. Introduction 

The presence of involutory symmetries and involutory reversing symmetries is 
very common in physical systems, for example, in classical mechanics, quantum me- 
chanics and thermodynamic (see [1]). The theory of ordinary differential equations 
with symmetry dates back from 1915 with the work of Birkhoff ([2])- Birkhoff real- 
ized a special property of its model: the existence of a involutive map R such that 
the system was symmetric with respect to the set of fixed points of R. Since then, 
the work on differential equations with symmetries stay restricted to hamiltonian 
equations. Only in 1976, Devaney developed a theory for reversible dynamical 
systems ([3j). 

In this paper, involutory symmetries and involutory reversing symmetries are 
considered within a unified approach. We study some possible Hnearizations for 
symmetries and reversing symmetries, around a fixed point, and employ this to 
simplify normal forms for a class of vector fields. 

In particular, using tools from group theory and symbolic computing, we exhibit 
the involutions used in a local study of reversible-equivariant vector fields. Based 
on such approach we present, for each element in this class, a simplified Belitiskii 
normal form. 

An important point to mention is that any map possessing an involutory revers- 
ing symmetry is the composition of two involutions, as was found by Birkhoff. It 
is worth to point out that properties of reversing symmetry groups are a powerful 
tool to study local bifurcation theory in presence of symmetries. Refer to [4], where 
many useful informations on involutions are provided. 
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2. Statement of main results 

Let Xo(K'') denote the set of all germs of C°° vector fields in ffi^ with a isolated 
singularity at origin. Define 



(1) A{a,(i) 



/ -a 

a 

-/3 

V /3 / 



a,/3 e M, a/3 7^ 



and 

X^"''''(R^) = {X e XolR-*); DX{Q) = A{a,l3)}. 

Given a group G of involutive diffeomorphisms M*,0 and a group ho- 

momorphism p:G^{ — l,l},we say that X G Xo(K*) is G-reversible-equi variant 
if, for each (j) G G, 

D^{x)X{x) = p{cj))X{(^{x)). 

If K C G is such that p{K) = 1 we say that X is -ft'-equi variant. If K C G is 
such that p{K) = —1, we say that X is A'-reversible. It is clear that if X is <j)i- 
reversible and 02-reversible, then X is also 0i(/)2-equi variant. It is usual to denote 
G+ = {0 e G;p{4>) = 1} and G_ = {(^ € G;p(0) = -1}. Note that G+ is a 
subgroup of G, but G„ is not. 

If X £ Xo(R'') is (/3-reversible (resp. (/)-equivariant) and "f[t) is a solution of 

(2) x^X{x) 

with 7(0) = xo, then ipj{—t) (resp. 4>j{t)) is also a solution for ([2]). In particular, 
if X is a 0-reversible (or (/)-equivariant) vector field, the phase portrait of X is 
symmetric with respect to the subspace Fix{4>). 

A compendium containing work for reversible-equivariant vector fields is de- 
scribed in [5], [1], [3] and references therein. 

In this paper, we shall restrict our study to the case G finite and generated by two 
involutions, G = {ip,ip), in such a way that when X is a G-reversible-equivariant 
vector field, then X is reversible with respect to both (p and ip. In this case, by a 
basic group theory argument, one can prove that there is n > 2 such that G = D„. 

Our aim is to provide an analogous form of the theorem below to the G-reversible- 
equivariant case: 

Theorem 1. Let X e Xo(IR^") be a ip-reversible vector field, where ip : E'^'^O 
M'^'^jO is a C°° involution with <XvaiFix{ip) ^ n as a local submanifold, and let 
Rq : M?'"- R^" be any linear involution with dim Fia;(i?o) = n. Then there exists 
a change of coordinates h : R^",0 R^", (depending on Rq) such that h*X is 
Ro-reversible. 

The proof of Theorem [T] is straightforward: ip is locally conjugated to Dip{0) by 
the change of coordinates Id + d(p{0)ip; now, Dip{0) and Rq are linearly conjugated 
(by P, say), as they are linear involutions with dim Fix {Dip{0)) = dimFix(i?o)- 
Now take Po{Id + d(p{0)ip). 

Theorem [T] is very useful when when one works locally with reversible vector 
fields. See for example in [6] and [7], as it allowed to always fix the involution as 
the following: 

(3) i?o(a;i, ■ • ■ , X2n) = (xi, -X2, . . . , a;2„-i, -a;2,i). 
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Definition 2. Given a finitely generated group G ~ {gi, . . . , gi) , a representation 
p : G ^ 7\/„xn(K) and a vector field X G Xo(R"), we say that the representation p 
is {X, G)- compatible if p{gj)X{x) — -'X{p{gj)), for all j = 1, . . . , Z. 

We prove the following: 

Theorem A: Given X e Xq"'''^ (K^), we present all the Xd„ -compatible 4-dimensional 
representations of X, for n ~ 2, 3, 4. 

As an application of Theorem A, we obtain the following result. 

Theorem B: The Belitskii normal form for D„-reversible-equi variant vector fields 
{n = 2,3,4) in xi°'-''^\w^) is exhibited. 

For further details on normal form theory, see [8] and [9]. 

This paper is organized as follows. In Section 3 we set the problem and we 
reduce it to a system of matricial equations. In Section 4 we prove Theorem A and 
in Section 5, we prove Theorem B. 

3. Setting the problem 

Consider X G ^or a(3 7^ 0. Denote A = DX{Q). Let ^ : M^ ^ 

be involutions with dim Fix{ip) = dimFix{il.') = 2 and suppose that X is {ip,ip)- 
reversible-equivariant . 

Next result will be useful in the sequel. 

Theorem 3 (Montgomery-Bochner, [IO],[lT],[l2]). Let G be a compact group of 
diffeomorphisms defined on a G'^-^ manifold A4. Suppose that all diffeomorphisms 
in G have a common fixed point, say xq. Then, there exists a coordinate system 
h around xq such that all diffeomorphisms in G are linear with respect to h. 

Putting G = as (p{0) = and ip{0) = 0, Theorem [3] says that there exists 

a coordinate system h around such that ip = h~^iph and ■0 = h~^%ljh are linear 
involutions. Now consider X as X is this new system of coordinates. Then X is 
{p, V)-reversible-equivariant. 

Now choose any involution Rq -.W^ ~* with dimi^ia:;(i?o) = 2. As i?o and p 
are linearly conjugated, we can pass to a new system of coordinates such that X is 
(i?o, ■'/'o)-i'eversible-equivariant for some ■00- However, it is not possible to choose a 
priori a good (linear) representative for the second involution, -00- 

In other words, it is not possible to produce a analog version of Theorem [1] 
for reversible-equivariant vector fields. We shall take into account all the possible 
choices for the second involution. 

Problem A: Let G = {p,ilj) be a group generated by involutive diffeomorphisms, 
and X £ Xo(IK^") be a G-reversible-equivariant vector field. Find all of the {X, G)- 
compatible representations p with p{p) = Ro, Rq given by ([3]). 

To solve Problem A, we have to determine all the linear involutions S such that 
{Ro,S) = G and SDX{0) + DX{0)S = (this last relation is the compatibility 
condition for the linear part of X). 
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4. Proof of Theorem A 



In this section we prove Theorem A. Recall that the list of groups to be considered 
is: (a) Z2 X Z2, (b) D3 and (c) D4. 

4.1. Case Z2 x Z2. Fix the matrix 

/I 

(4) Ro = I 

V 

Note that i?g = Id and RqA -ARq. 
involutive matrices S G M.'^^'^ such that 





-1 









1 
-1 / 

We need to determine all possible 



SA 



-AS 



and 



{Ro,S)^Z2 X Z2 



Note that the relation {Rq, S) 

= Id. 

Put 



Z2 X Z2 is equivalent to RqS = SRq and 



/ 



(5) 



02 

V 04 

The relations SA = —AS, 5^ = Id and RqS 
following systems of polynomial equations: 



61 
64 



Cl 
C2 
C3 
C4 



di \ 
d2 

C?4 



SRq are represented by the 



(6) 



al — 1 + cia-s 
aici + C1C3 
62^2 + ^2(^4 

64^2 + 0^4 &4 

d2b4 - 1 



d2&4 + - 1 



— flia — &2Q! 
-ci/3 - 0:^2 
62Q! + CLia 
d2P + aci 
—a^a — f3b4 
-C3/3 - d4,f3 
b^a + (3a^ 
di(3 + C3/3 



Lemma 4. System @ has 4 solutions: 



Si 



s. = 



/ -1 

















-1 











\ 





1 










, <S'2 ~ 


1 





1 
















-1 















1 







V 








1 


) 




[ 











-1 


/ 


/ 1 











] 






1 











\ 





-1 










, 5*4 = 


1 





-1 
















-1 















1 







V 








1 


) 




[ 











-1 


J 



Proof. This can be done in Maple 12 by means of the Reduce function from the 
Groebner package and the usual Maple's solve function. We remark that the 
solution 5*4 is degenerate, i.e., 5*4 = Rq. Moreover, we remark that the above 
representations of Z2 x Z2 are not equivalent. □ 
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Now we state the main result for Z2 x Z2-reversible vector fields. With the 
notation of Section ([3]), it assures that the Hnear involutions Sj are the unique 
possibilities for i/jq. 



Theorem 5. Let 



c X. 



(",/3) 



(R*) be the set 0/Z2 x 'E2-reversible-equivariant 
Then n = fli U ^2 U ^3, where X e f2j if X is 



vector fields X £ 

{Rq, Sj)-reversible-equivariant in some coordinate system around the origin. 
Proof. The proof is straightforward and it will be omitted. 



□ 



Now let us give a characterization of the vector fields which are (i?o, S'j)-reversible. 
Let us fix 

(7) X{x)=A{a,P)x + {fi (x) , /2 (x) , /g (x) , fi{x)f , 

with X = {xi, X2, yi, 2/2). The proof of next results will be omitted. 

Corollary 6. The vector field ([7]) is (i?o, Si) -reversible if and only if the functions 
fj satisfies 

fiix) = -fi{xi,~X2,yi,~y2) = fi{~xi,x2,~yi,y2) 
f2{x) = f2{xi,-'X2,yi,-y2) = -f2{-xi,x2,-yi,y2) 
fsix) -f3{xi,-X2,yi,~y2) = /sl-a^i, 2^2, -yi, ^2) 

. fi{x) = f4{xi,-x2,yi,-y2) = -/4(-a;i,a;2,-2/i,2/2)- 

In particular, /i,3(xi, 0, j/i, 0) = and /2.4(0, X2, 0, j/2) = 0. 

Corollary 7. The vector field ^ is {Rq, S2) -reversible if and only if the functions 
fj satisfy 

fi{x) = -fi{xi,-X2,yi,-y2) = fi{-xi,X2,yi,-y2) 
f2{x) = .f2{xi,-x2,yi,-y2) = -f2{-xi,x2,yi,-y2) 
fsix) = -f3{xi,-X2,yi,-y2) = -f3{-xi,X2,yi,-y2) 
fA{x) = f4{xi,-X2,yi,~y2) = f4{-Xi,X2,yi,-y2)- 

In particular, /i 3(^1, 0, j/i, 0) = and /2.3(0, 2:2, yi, 0) = 0. 

Corollary 8. The vector field ((TJ is {Rq, S3) -reversible if and only if the functions 
fj satisfy 

fi{x) = -fi{xi,-'X2,yi,-y2) = -fi{xi,~X2,~yi,y2) 
f2{x) = f2{xi,-x2,yi,-y2) = f2{xi,-x2,-yi,y2) 
fz{x) = -f3{xi,-x2,yi,-y2) = f3{xi,-X2,-yi,y2) 
fiix) = /4(a;i, -2:2, 2/1,-2/2) -fi{xi,-X2,-yi,y2). 

In particular, /i^3(a;i, 0, 2/1, 0) = and /i. 4(2:1, 0, 0, 2/2) = 0. 
4.2. Case Dq. As above we fix the matrix 



(8) 



(9) 



(10) 



/I 













-1 














1 





V 








-1 / 



Now we need to determine all possible involutive matrices S G R^^"' such that 

SA = -AS 

and 

{Ro,S)^D3. 
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Considering again 
(11) 

the equations SA + AS 



S ■ 



( ax 

as 
\ 04 

0, S^-Id-- 



di \ 
d2 
ds 

di ) 
and (RqSY 



C2 
C3 

C4 



Id = are equivalent to a 



huge system of equations. Its expression will be not presented. 

Lemma 9. The system generated by the above conditions has the following non 
degenerate solutions: 



I 1 V3 



^1 



v 



2 

2 










\ 
















1 






^2 


2 




V3 


1 




2 


2 


/ 



/ 1 V3 



So 



--^00 



V 



2 
V3 

2 









-1 / 



^3 



/ 


1 











\ 







-1 


















1 


V3 






"2 


2 














1 




V 


2 


2 


/ 



Proof. Again, the proof can be done in Maple 12 using the Reduce function from 
the Groebner package and the usual Maple's solve function. □ 



At this point, we can state the following: 

(R^) be the set of lis -reversible- equivariant vector 
4). Then f7 = 17i U f^a U Q3, where X € if X is (i?o, S^)- 



Let C Xq 



Theorem 10 

fields X e Xi"'^'' 
reversible- equivariant in some coordinate system around the origin. 

Proof. This proof is very similar to that of Theorem [5j 



□ 



The next section deals with the characterization of the D4-reversible vector fields. 
The analysis of the Ds-reversible case will be omitted since it is very similar to the 
D4-reversible case and this last case is more interesting (there are more representa- 
tions). 

4.3. Case D4. Fix the matrix 



(12) 



Ro 



/I 













-1 














1 





V 








-1 / 



Again, our aim is to determine all of the possible involutive matrices S £ R"'^^ 
such that 

SA = -AS 

and 

Considering again 



{Ro,S)^D4. 



(13) 



S 



I ai 

a2 
as 
\ 04 



bi 
b2 

bi 



Cl 
C2 
C3 
C4 



di \ 

d2 

di ) 
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the equations SA + AS ~ 0, S"^ — Id ~ Q and (RqS)'^ — Id = Q are represented by 
a huge system (see the Appendix) having 12 non degenerate solutions, arranged in 
the following way: 




-1 



















1 







i) 

























1 









1 












1 


























1 


)■ 










1 










1 












1 




























-1 










-1 









0-100 
-10 
-1 
0-10 

0-100 
-10 
1 
10 



Recall that the above arrangement has obeyed the rule: 

Lemma 11. Si, Sj G Sfc <^ (_Ro, Si) = (Rq, Sj) . 

For each z S {1, . . . , 6}, denote by Si one of the elements of 2^. The proof of the 
next result follows immediately from the above lemmas. 

Theorem 12. Let flj}^ C xI^'^\m.^) be the set of IS>4-reversible-equivariant vector 
fields X e x''o"'^\r^). Then n = l^i U U . . . U f^e, where X G ilj if X is 
[Ra, Sj)-reversihle-equivariant in some coordinate system around the origin. 

Proof. This proof is very similar to that of Theorem [H It will be omitted. □ 

Now we present some results in the sense of Corollary [6] appHed to D4-reversible 
vector fields. We will just work with some linearized groups; the other cases are 
similar. 

Let us fix again 

(14) X{x) = A{a,l3)x + {gi{x),g2{x),g^{x),g4,{x)f , 

with X = (xi, X2, 2/1, 2/2)- Keeping the same notation of Section |4!T| we have now 

(il-cS-j) =©4. 

Corollary 13. The vector field (fT4|) is {Rq, Si) -reversible if and only if the func- 
tions gj satisfy 

= -.91 (2^1, -3^2,2/1, -2/2) = -g2{x2,xi,yi,-y2) 

= 92{xi,-x2,yi,-y2) = -gi{x2,xi,yi,-y2) 

= -93{xi,-x2,yi,-y2) = -gz{x2,xi,yi,-y2) 

= 9A{xi,-X2,yi,~y2) = g4{x2,xi,yi,-y2) 

In particular gi, 3(2:1, 0, 0) = and 52,4(0, X2, 0, j/2) = 0. 



(15) 




5. Applications to normal forms (Proof of Theorem B) 

Let X g X^^'^\m.'^) be a D4-reversible vector field and X^ be its reversible- 
equivariant Belitskii normal form. 

To compute the expression of X^ , we have to consider the following possibilities 
of the parameter A = aP~^: 

(i) A ^ Q, 

(ii) A = 1, _ 

(iii) \^ pq ^, with p, q integers with {p, q) = 1. 
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In the case (i), one can show that the normal forms for the reversible and 
reversible-equivariant cases are essencially the same. This means that any reversible 
field with such linear approximation is automatically reversible-equivariant. In view 
of this, case (i) is not interesting, and its analysis will be omitted. We just observe 
that case (ii) will not be discussed here because of its deep degeneracy, as the range 
of its homological operator 

T ■ TJ^ ^ TJ^ 

^A(a,a) • -H -ti 

is a very low dimensional subspace of H''. 

Our goal is to focus on the case (iii). Put a = p and (3 = q, with p,q ^ and 
(p, q) = 1. How to compute a normal form which applies for all I[I)4-reversible vector 
fields, without choosing specific involutions? 

According to the results in the last section, it suffices to show that satisfies 

RoiX'^ix)) = -X^{Ro{x)) 

and 

5,(X^(x)) = -X^(5,(x)), j = l,...,6, 

with Sj given on Lemma [TTl as the fixed choice for the representative of . 

First of all, we consider complex coordinates (zi, Z2) G instead of (xi, 2:2, yi, j/2) € 

Tff4. 



(16) 



Zl = Xi + 1X2 
Z2 = yi + iV2 

We will write 5R(z) for the real part of the complex number z and 3(z) for its 
imaginary part. 



Define 




zxzx {— x\ + xi^) 
Z2zi (= yl + yl) 

q—p 

Z1Z2 



Note that each Aj corresponds to a relation represented by 

rjAi + r^A2 + rfXi + r^Aa = O, where e N. 



It is not hard to see that the complex Belitskii normal form for X in this case is 
expressed by 

ii = pizi + zi/i(Ai,A2,A3,A4) + zr^4/2(Ai,A2,A3,A4) 

Z2 = giZ2 + 22gi(Ai,A2,A3,A4)+Z«zP-^<?2(Ai,A2,A3,A4), 



(17) 



with fj,gj without linear and constant terms. 

Now we consider the effects of B4-reversibility on the system (fT7|) . Writing our 
involutions in complex coordinates, we derive immediately that 

Lemma 14. Let 

'fo{zi,Z2) = -(zr,Z2) 

Vl{.Zi,Z2) = (izT, 'Z2) (p2{zi,Z2) = -(^1,^22) 

V'3izi,Z2) = (zT, -iz2) '^4(21,22) = ~{izi,iz2) 

Vb{.zi,Z2) = -{izi,^) (peizi,Z2) = {-izi,iz2) 

Then each group {ipo, ipj) corresponds to {Rq, Sj), j ~ 1, ... ,6. 
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To compute a D4-reversible normal form for a vector field, one has first to define 
which of the groups in Lemma fT4l can be used to do the calculations. Now we estab- 
lish a normal form of a D4-reversible and p : g- resonant vector field X, depending 
only on p, q and not on the involutions generating D4: 

Theorem 15. Letp,q be odd numbers with pq > 1 and X e X^f''^'' (R"*) be a D4- 
reversible vector field. Then X is formally conjugated to the following system: 



(18) 



pxi + xi YlT+j=i ay-A^A^ 



-qy2 - 2/2 Ei+j=i hj^\^2 
qyi +2/1 E^j=i^yAlA^, 



with a.ij, bij E M depending on j''X{0), for k ~ i + j . 

Remark 16. The hypothesis onp,q given in Theorem{TE\ can be relaxed. In fact, 
if p, q satisfies the following conditions 

q =4 I or q =4 3 or {q =4 and p + q — 2k + 1) or (q =4 2 and p + q = 2k) 
p =4 1 or p =4 2 or p =4 3 

p =4 1 or ]3 =4 3 or (p =4 and q = 2k + 1) or (p =4 2 and q = 2k) 
then the conclusions of Theorem\T^ are also valid (see |T5| i. 

Remark 17. The normal form ([HI coincides (in the nonlinear terms) with the 
normal form of a reversible vector field X <E Xo"'''''(IR.^) with af3~^ ^ Q. Remember 
that this fact allowed us to discard the case aP^^ ^ Q in page\M 

The proof of Theorem [TSl (even with the hypothesis of Remark [T6| is based on a 
sequence of lemmas. The idea is just to show that with some hypothesis on p and 
q, all the coefficients of A3 and A4 in the reversible-equivariant analogous of fT7|) 
must zero. 

First let us focus on the monomials that are never killed by the reversible- 
equivariant structure. 

Lemma 18. Let v = azj/X^ dJ^-^ , a S C. So, for any j € {!,... ,6}, the ipj- 
reversibility implies a = —a (or 5R(a) = 0). In particular, these terms are always 
present (generically) in the normal form. 



Proof. From 



and 



= -azrArA^'A 



follows that —a = a. □ 

Now let us see what happens with the monomials of type (zr)'~^Z2^. We 
mention that only for such monomials a complete proof will be presented. The 
other cases are similar. Moreover, we will give the statement and the proof in the 
direction of Remark [l6l 
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Lemma 19. Let v = bl^^^ z!^-^ , b £ C So, we establish the following tables: 



reversibility 


hypothesis on p, q 


conditions on b 




p + q even 


3fJ(6) = 




p + q odd 


3(6) = 




9=4 


5R(6) = 




9 =4 1 


n{b) = -3(6) 




9=4 2 


3(6) = 




9 =4 3 


3fJ(6) = 3(6) 




p =4 0, q even 


5R(6) = 




p =4 0, q odd 


3(6) = 




=4 1, q even 


3?(6) = 3(6) 




q =4 1, q odd 


SR(6) = -3(6) 




q=4_2, q even 


3(6) = 




q =4 2, q odd 


5R(6) = 




=4 3, q even 


gfj(6) = -3(6) 




q =4 3, q odd 


3fJ(6) = 3(6) 




p=4 


5R(6) = 




P =4 1 


3?(6) = 3(6) 




p=4 2 


3(6) = 




p =4 3 


3^(6) = -3(6) 


reversibility 


hypothesis on p, q 


conditions on 6 




p + q =4 0, q even 


3fJ(6) = 




p + q =4 0, q odd 


3(6) = 




p + q =4 I, q even 


3fJ(6) = 3(6) 




p + q =4 I, q odd 


SR(6) = -3(6) 




p + q =4 2, q even 


3(6) = 




p + q =4 2, q odd 


5R(6) = 




p + q =4 3, q even 


3fi(6) = -3(6) 




p + q =4 3, q odd 


3(6) = 3(6) 




=4 0, p + q even 


3fJ(6) = 




q =4 0, p + q odd 


3(6) = 




q =4 1, p + q even 


SR(6) = 3(6) 




q =4 1, p + q odd 


SR(6) = -3(6) 




=4 2, p + q even 


3(6) = 




(J =4 2, p + q odd 


5R(6) = 




q =4 3, p + q even 


SR(6) = -3(6) 




=4 3, p + q odd 


gfj(6) = 3(6) 




p + q=4 


3fJ(6) = 




p + q =4l 


3fi(6) = -3(6) 




p + q =4 2 


3(6) = 




p + q =4 3 


3?(6) = 3(6) 



Proof. Let us give the proof for (/32-reversibility. The proof of any other case is 
similar. Note that 

ip2{v{zi,Z2)) = -bzf^^z^-^ 

vi^2izi,Z2)) = b{-iy-hPzr'z^P 
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Then, from (p2{v{z)) — —v{ip2{z)) we have b = (— Now we apply the 
hypotheses on p, q and the proof follows in a straightforward way. □ 

Next corollary is the first of a sequence of results establishing that some monomial 
does not appear in the normal form: 

Corollary 20. Let X e Xq'''^'(M'*) be a {(po,'Pj) -reversible vector field. Then if 

• g = 1 mod 4 or 

• g = 3 mod 4 or 

• q = mod 4 and p + q odd or 

• q=2 mod 4 and p + q even, 

then the normal form of X does not contain monomials of the form 

/ir»\ no— 1 n ^ mq—mp—1 ^ ^ m 

(19) ai^i ^ Z2P^r—, a2Z^^z^'^ -— , ai,a2eC. 

OZi OZ2 

Proof. Observe that the (/So, </'j- reversibility implies that the coefficients in ifTO]) 
satisfy 

3?(a,) = 3(a,) = 0. 

□ 

Remark 21. Note that ifp,q are odd with pq > 1, then they satisfy the hypothesis 
of Corollary [M 

The following results can be proved in a similar way as we have done in Lemma 
[Hand Corollary EOl 

Proposition 22. Let X <E x[/''^''(K'*) be a {(po, (pj) -reversible vector field. If one of 
the following conditions is satisfied: 

(i) q = 1 mod 4, 

(ii) q = 3 mod 4, 

(iii) g = mod 4 and p + q 

(iv) g = 2 mod 4 and p + q even, 

then the normal form of X , given in (fT7|) . does not have monomials of type 

zMzir^^, Z2{zlzir^, m>l. 

OZi OZ2 

Proposition 23. Let X G Xq'^'^''(M^) be a {pQ^Lpj) -reversible vector field. If one of 
the following conditions is satisfied 

(i) g = 1 mod 4, 

(ii) g = 3 mod 4, 

(iii) g = mod 4 and p + q odd, 

(iv) g ^ 2 mod 4 and p + q even, 

then the normal form of X , given in (fT7|l . does not have monomials of type 

d d 



zAzizir^^, Z2{z\z\r^^. "^>i. 

Remark 24. In fact, the conditions imposed on A in the last results are needed just 
to assure the (ipa, ipj) -reversibility of the vector field X with j = I. For 2 < j < 6, 

d 

the normal form only contains monomials of type ZjA™A2 ^— . 
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Now, to prove Theorem [TU we have just to combine all lemmas, corollaries and 
propositions given above. 

Proof, {of Theorem ] 15^ Note that the conditions imposed on A in Theorem [TSl fit 
into the hypothesis of Corollary [20] and Propositions [22l and [231 So, ii p,q are odd 
numbers with pq > 1, then the normal form just have monomials of type 

z,A"A"^, j = 1,2, m,n> 1. 
^ ^ ^ dzj 

□ 

6. Conclusions 

We have classified all involutions that make a vector field X G Xq'''''^(M'*) {(p, t/j)- 
reversible when the order of the group {(p, ip) is smaller than 9. 

As a consequence of the results obtained in Theorem A, we find a normal form 
for D4-reversible vector fields in R"*, according to their resonances. In this part we 
have used some results from Normal Form Theory. 

We remark that the same approach can be made to the discrete version of the 
problem, or when the singularity is not elliptic (see for example |14j). 

One can easily generalize the results presented here mainly in two directions: 
for vector fields on higher dimensional spaces and for groups with higher order. In 
both cases the hard missions are to face the normal form calculations and to solve 
some very complicate system of algebraic equations. 
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Appendix 



Here we will show the polynomial system omitted in Section 14.31 corresponding 
to the equations SA + AS = 0, — Id = and SRq — (RqS)^ = 0, as in the page 

El 



diC4 + C1C3 + &1C2 + aici — 0, 
(^2^4 + C2d3 + b2d2 + dia2 — 0, 
a4d4 + 'I3C4 + a2i>4 + 0.104 — 0, 

— ac2 + pdi — 0, —ad2 — /3ci — 0, 
-(3c4 + l3d^ - 0, -f3d4-f3c3 - 0, 

^2^4 + C2b^ + 62^ + bia2 — 1, 



did4 + cidg + 61^2 + aidi — 
dsa^ + a^c^ + 02^3 + aia^ — 
64^4 + fa3C4 + b2b4 + ?>ia4 — 
ab2 -\- aai — 0, /3d2+aci — 
a64+^a3 — 0, — Q:a4 + /363 — 
<i3C4 + C3^ + C263 + cia3 ^ 



The system is: 

iiib4 + C163 + &ib2 + ai&i — 0. 
0, d2Ci4 + C2a3 + ".2^2 + aia2 — 
d2C4 + C2C3 + ^2^2 + Cia2 — 0, 
0, ^3^4 + b3C3 + b2b^ + bias — 
d^d4 + C3d3 + ^2^3 + dia3 ^ 0, 
0, £4(^4 + C3C4 + C2b4 + cia4 — 

— aa2 + — 0, —cy.b2 — caai — 0, 
0, -I3c2 + adi ^ 
— /3a4+ab3 — 0, —pb^—aa^ — 0, 

0, /3d4+/3c3-0 
dia4 + cia3 + bia2 + — 1. 

1, ^4'^ + ^304 + ^264 + dia4 — 1 

ai — di 124(^4 + dia^C4 — dia2b4 + cid^ a4 — a3C3 + Cia2b3 — bi ^2*^4 + ^"1 ^2 <i3 — 02^2 + 2a 1 a4 — 2ai as + 
2ai?>ia2 — — 

— bl — dib4d4 + dib3C4 — dib2b4 + cid3&4 — cib^c-^ + cib2&3 — bid2b4 + &1C2&3 — ^1^2^ + bidia4 — ^icias + 
b\^ a2 + aidib4 — CL\c\b^ + fii&ib2 — ai^tti — 

ci — diC4d4 + diC3C4 — diC2b4 + cid3C4 — ciC3^ + ciC2b3 + cidia4 — ci^as — bid2C4 + biC2C3 — bib2C2 + 
^1^10-2 + aidiC4 — aiCiC3 + aibiC2 — a^^c^ — 

— di — d-id4^ + did3C4 — did2b4 + d^^ a4 + cid3d4 — c-ic^d^ + cid2b3 — ci^ias — 61^2^4 + biC2<i3 — bib2d2 + 
b\dia2 + aidid4 — aicid^ + aibid2 — ai'^di — 

a2 + d2a4d4 — d2a3C4 — C2d3a4 + C2a3C3 + b2'i2Ci4 — &2C2a3 + a2'i2'^4 — a.2C2&3 + a,2b2^ — dia2a4 + Cia2a3 — 
bia2^ — a\d2a4 + a\C2a2 — a\a2b2 + ai^a2 — 

— b2 + d2b4d4 — d2b3C4 — C2d3''4 + C2b3C3 + 2b2<i2'^4 — 2b2C2b3 + ^2"^ — dia2b4 + cia2b3 — bid2a4 + biC2a3 — 
2bia2b2 + aibia2 — 

C2 +d2C4d4 — d2C^C4 — C2d^C4 + C2C3^ + C2d2b4 — C2^b3 + b2d2C4 — b2C2C^ + b2^C2 — rfia2C4 — Cid2a4 + ciC2a3 + 
cia2C3 — Cia2b2 — bia2C2 + aicia2 — 

— d2 -\- (^2^4^ — d2d3C4 4- d2^b4 — C2d^d4 + C2C3d3 — C2d2b3 + b2d2d4 — b2C2d3 + b2^d2 — ^1^20.4 + diC2a3 — 
dia2d4 — dia2b2 + Cia2d3 — bia2d2 + o.ldia2 — 

a3 — d3a4d4 + C3d3a4 + a3d3C4 — a^c^'^ — d2b3a4 + £20.363 — 02^3^4 + a2b3C3 — a2b2b3 + 1^10304 — £103^ + 
^10203 + 01^304 — aia3C3 + 0102^3 — ai'^a^ — 

— b3 — d3b4d4 + C3d3b4 + b3d3C4 — b^c^^ — d2b3b4 + C2b^'^ — fa2'^3'>4 + 'J2'>3C3 ~ 'J2^''3 + ^10,3^4 — ci^^b^ + 
bid^a4 — bia^c^ + bib2a3 + bia2b3 — aib^as — 

C3 — d^C4d4 + 2c3ci3C4 — c^^ — d2b^C4 — C2d^b4 + 2c2b3C3 — b2C2b3 + ^10304 + £1^304 — 2cia3C3 + cia2b3 + 
blC2a3 — aicias — 

— ^3 — (^3^4^ + d3^C4 + C3d3d4 — c^^ d^ — d2d^b4 — d2b3d4 + 1^2 bscs + C2b3d3 — b2d2b^ + ^1^304 + (^103^4 — 
dia3C3 + ^102^3 — cia^ds + bid2a3 — aidia^ — 

0.4 + 041^4^ — (^30404 — a3C4d4 + 0'3C3C4 + d2a4b4 — C20,^b4 + a2b4d4 — a2''3C4 + a.2''2''4 ~~ dia4'^ + Cia3a4 — 
b\a2Q'4 — a.\a4d4 + a\a^C4 — aia2b4 + ai'^a4 — 

— b4 + b4d4^ — d3b4C4 — b3C4d4 + fa3C3C4 + d2b4^ — C2b3b4 + b2b4d4 — b2fa3C4 + b2^b4 — dia4b4 + Cib3a4 — 
b\a4d4 + bia3C4 — bib2Q'4 — £»ia2b4 + aibia4 — 
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C4 -|-C4d4^ — d^c^^ — C3C4d4 + C3^C4 + d2&4C4 + C2?J4d4 — C2C^b4 — C2b^c^ + fa2C2'^4 dia4C4 — Cia^d^ + CiC3a4 + 
Cj^a3C4 — C]^a2fa4 — biC2a4 + ct]^C]^a4 — 

— (^4 + ^4"^ — 2)^3 C4d4 4- C3 (^3 C4 + 2(^2 b^d^ — ^2 ^3 C4 — C2 (^3 f)4 + ^2 *i2^4 " 2d 1 04(^4 + di 0.304 — a2 f>4 -\- c^d^ — 
t»ld2a4 + aidia4 — 

ai — di a^d^ + dl 0,304 — dia2b4 + cid3 04 — ci 0.303 + cia2?>3 — i>i d2 04 + &iC2a3 — feia2b2 + 2a ^ d^ a4 — 2ai a3 + 
2ai6ia2 — — 

— bi — dib4d4 4- dib^C4 — dib2b4 + cid364 — cib^c^ + cib2b3 — bid2b4 + 61C253 — ?Ji?J2^ + bidia^ — bicia^ + 
b\^ a2 + oidi64 — oicib3 + aib\b2 — o-\^b\ — 

The solutions of the system above were given in the Lemma [H 
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